SO(S) 3 U(2) reduced Wigner coefficients, needed to extract the n, T-dependence of nuclear matrix elements in the seniority scheme, are evaluated by vector coherent state techniques by casting operators other than the group generators into their Bargmann z-space realizations.
I. Introduction
In the past few years a generalized coherent state theory, termed vector coherent state theory lm4), and its associated K-matrix technique ',') have been used to great advantage to give very explicit matrix representations of many of the higher rank symmetry algebras of interest in physical applictions.
To date most of the detailed applications have focused on the matrix representations, that is, on the matrix elements of the generators of the algebras, [For a review and a more complete listing of recent applications see ref. ").I The vector coherent state technique, however, is in principle also a powerful tool for the detailed evaluation of the full Wigner-Racah calculus of the higher rank algebras. This has been illustrated for the elementary reduced-Wigner coefficients for U(n) which have been expressed ') in terms of multiplicity-free U( n -1) Racah coefficients and very simple K-matrix elements, the normalization factors of the vector coherent state theory. More recently, Le Blanc and Biedenharn ") have shown that some classes of SU(3),=, SU(2) reduced Wigner coefficients are simple products of SU(2) 9-j coefficients and extremely simple SU ( For this reason it may be useful to derive general expressions for the needed Wigner coefficients of another simple example, with an SU(2) subgroup, the protonneutron quasispin group which is generated by an SO(5) 3 U(2) algebra, (or its isomorphic Sp(4) algebra). Matrix representations of this algebra have been discussed previously in terms of vector coherent state theory ','). The development of the proton-neutron quasispin formalism into a useful tool for the nuclear spectroscopy of configurations of both protons and neutrons requires the explicit knowledge of many SO(5) 1 U(2) reduced Wigner coefficients. With these the full n, T-dependence can be extracted from nuclear matrix elements in the seniority scheme (n = nucleon number, T = isospin). Although very explicit expressions have been given previously 'O,") for the SO(5) reduced Wigner coefficients of many of the low seniority representations of greatest interest in nuclear spectroscopy, a full analytic solution to this problem had been hampered by a "missing quantum number problem." Vector coherent state theory and the associated K-matrix constructions give an elegant solution to this problem in terms of the physically relevant coupling scheme in which a state of seniority v and isospin T is constructed by coupling the reduced isospin t of the u nucleons entirely free of J = 0 coupled pairs with the resultant isospin T,, of the p pairs of nucleons coupled to J = 0, T = 1. The vector coherent state construction in terms of this coupling scheme was discussed in ref. "). It is the purpose of the present contribution to show how vector coherent state techniques can be used to calculate the SO(5) 3 U(2) Wigner coefficients needed for nuclear spectroscopy.
In particular, Wigner coefficients for the coupling of arbitrary irreducible representations with the 4-dimensional (spinor), 5dimensional (vector) and lo-dimensional (regular) representations will be given in general analytic form. Both a simplification and a complete generalization of the earlier results "',") has b een achieved, making it possible to treat representations of arbitrarily high seniority.
The purpose of the present investigation is two-fold: One of the aims is a further refinement and completion of an elegant tool of nuclear spectroscopy. A second aim, however, involves the further development of the vector coherent state method in its application to the Wigner-Racah calculus of higher rank algebras. It is hoped that the techniques illustrated in some detail with the simple SO(5) 1 U(2) algebra, involving mainly ordinary angular-momentum recoupling transformations, will also prove useful in more challenging symmetries.
Vector coherent state realizations of the proton-neutron quasispin algebra
Vector coherent state theory takes its simplest form for algebras with the following general structure: the generators of the algebra can be separated into a set of commuting raising operators, their hermitian-conjugate lowering operators, and a core subalgebra which contains the Cartan subalgebra of the full algebra. In its SO(5) 2 U(2) version the proton-neutron quasispin algebra falls into this simple category. Since normalization and phase factors are vital for the evaluation of Wigner coefficients it will be important to give a careful definition of the various operators.
The raising operators are the J = 0, T = 1 pair creation operators defined by "'a;,,,,,,,,aj-,,,,,,,l(:m, The U(2) core subgroup is generated by the Cartan operator 
where v and t are seniority and reduced isospin, (the isospin of the v nucleons entirely free of J = 0 coupled pairs). 
The relationship among standard SO(5) irreducible operators, Tz,I;";i,, can be given through the matrix elements of the generators, e.g.
[A%%), %',$,,I
=;, T~~i..,,+,,,,((w,t)H,+1T'M,+M,,lA+(M,,)l(w,t)H,TM,). 
In terms of this vector vacuum or so-called intrinsic state the generalized coherent state is defined by Iz, qtm,)= exp (z* . At)(w,tm,) (6) in terms of the three complex variables z, = (z,, z2, z,), which can also be transcribed to standard spherical component form z,, = F&Z, + izz), z,, = z3. State vectors IP) are to be mapped into their z-space functional realizations I W + qu,tm,(z) = (w, tm,l exp (z * Al W
and operators 6 are mapped into their z-space realizations r(0)
=(~,tm,({B+[(z~A),B]+~[(z~A),[(z~A),0]]+~~~}e'"'~'(~). (8)
The coherent state realization of the generators of the algebra were given in ref. ') 
where these operators are made up of "collective" or "orbital" parts which are functions of z and V, and "intrinsic" operators such as the three components of It which commute with z and V and need to be defined only through their action on the vacuum or intrinsic states ]w,fm,), with n = ZI. Note from the commutator expansion of eq. (8) that these are to be understood from their left action on the vacuum states. Note also that On,, the intrinsic part of H,, can be given through its eigenvalue,
Although it is possible to define a z-space scalar product with measure such that the z-space operators T(A.') are adjoints of T(A), (this would be the conventional coherent state theory procedure), it is advantageous to define the z-space scalar product in terms of complex z-plane integrations with the standard Bargmann measure, Y3 exp [-(z. z")], in this case involving a 3-dimensional z. With this measure Vi is the adjoint of z,; and the SO(5) algebra has been mapped into a direct sum of a three-dimensional oscillator algebra generated by the zi, V, and an intrinsic U(1) xSU(2) algebra generated by the intrinsic operators On,, and e. The price paid for this simple structure is that the realization, 
It is straightforward to show that this relation is satisfied by the operator n,,=~(z~V)(z'V)+~(z~z)V'+(w,+~)(z~V)+i(t~[zxV]). has zero eigenvalues must be included, the assumption K = Kt will not be made ab initio and will be introduced only in the very end of a calculation in those cases in which it is valid. By means of the coherent state approach the SO(5) algebra has been mapped into a simpler algebra, a direct sum of a 3-dimensional oscillator algebra and an intrinsic U(2) algebra. The basis vectors of an SO (5) 
=(n+2(w,t)T'i'llA'lln(co,t)Ti). (17)
The reduced matrix element ofthe operator z is given by standard angular momentum coupling theory
where the 3-dimensional oscillator reduced matrix element is given in terms of a simple SU (3) The very few simple SU(3) 3 SO(3) Wigner coefficients of this type needed in this investigation are collected in table 2. Since we have used the unitary z-space realization y(A.') of A-t in an orthonormal basis, the result is representation-independent and can be transformed to the standard Hilbert space basis, as indicated in Since we shall switch from z-space to standard Hilbert space form in many equations, state vectors have in addition been designated by 1 . . . ) to signal more specifically that z-space realizations are implied, whereas standard ket symbols 1 . . ) are to imply standard realizations. Finally, angular momentum reduced matrix elements are defined without [2T+ 1]"2 dimensional factors, so that
Since all matrices (KK ') T,,:T,, of this investigation will be purely real, the notation will be simplified via
CKi-)iT,, = CK)T,,t T ((K+)~'),,,i=(K-'),,,,. (22)
The process of finding the K and K -' matrix elements involves the diagonalization of the real hermitian matrices (KK ') via a unitary matrix In refs. 6,9) it was shown that the (KK.') matrices are often nearly diagonal, particularly in the most important cases of relatively high (j +i) values. The labels, i, were therefore replaced by the numerical value of the dominant T, in the ith state. In the present investigation the distinction between the two types of labels will be carefully preserved. For many SO(5) irreducible representations, and for many special states within arbitrary representations the (KK.') matrices will be l-dimensional corresponding to the fact that T, is uniquely specified by p and T. In such cases, K = K.i, and i can be replaced by T,. In such cases eq. (11) (11) in cases with both uniquely specified T,, and Tb, this yields (K'(p+l(w,t)T'))T,:~:=.
(Kz(p(w,~)T))T,,T,, '-"k7-p+ 1 q;-f
The eigenvalues of &r follow at once from eqs. (13)~(15),
(25)
A PT,>T = +(p-l)+p(w,++~T(T+l)+~t(t+l)+~T,(Tp+l).
The states with p = 1 will play a special role in this investigation. Since T, = 1 only, the K' matrices for these states will be l-dimensional in all representations (w,t). Since the intrinsic states Iw,tm,) will be assumed to be normalized so &hat K = 1 for p = 0, eqs. (25) and (26) yield
for T=t-1.
A full discussion of the evaluation of the (TM.') matrices will be given in appendix A. As a final remark, it will also be useful to recall the role of the (KK') matrices as overlap matrices. Inverting eq. VT
If we we define the nono~hono~al state vectors 
Calculation of SO(5) Wiper coefficients
To evaluate SO(5) =) U(2) reduced Wigner coefficients by vector coherent state techniques, it will be useful to construct the z-space realization of SO (5) 
where, e.g., Finally, these nonunitary z-space realizations of the SO(5) irreducible tensor operators must be transformed to unitary form via the K operation
The double-lined operators o and at are again intrinsic operators defined only through their action on the "vacuum" or intrinsic states, with n = u only. These double-lined operators commute with z and V. From the defining relations for I-( 0') of eq. (8), it is clear that these operators must be understood in terms of their left actions. Thus, the left action of ot, must convert the state with n = ZI in (w, tm, 1 at to a state with n = u -1 or with W: = w, +i. Since the intrinsic operators change SO(5) irreducible representations the first step of any calculation involves the evaluation of the reduced matrix elements of such operators. It will be convenient to write states with n = u through a full set of quantum numbers Ij'tm,aJM) or lw,tm,cyJM) where (Y is a shorthand for the additional Sp(2j-t 1) quantum numbers needed for the full specification of the state with n = u in the seniority scheme. None of the present SO(S) results, however, will depend on such quantum numbers. Defining matrix elements reduced with respect to both J and T [see eq. (20)], we have the obvious result mentioned above
The case with u'= u + 1, or CO{ = w, -f, will be used to illustrate a very simple, yet nontrivial, case. In this case
(Note that the action of K or Km' on intrinsic states is the simple unit operation.) The second term can be rewritten 
In the last step the vector coupled product [a"* x AT];, has been converted to a vector coupled commutator, defined by where straightforward anticommutation properties of the fermion operators have been used in eq. (38); and in eq. (37) we have used the fact that At acting to the left will annihilate the intrinsic state with n' = u'. Collecting all the results, a reduced matrix element of ot between intrinsic states has been related to a reduced matrix element of a', the latter to be expressed in standard representation
The explicit evaluation of the t" sums gives the simple result
(2w, +3)(w, + t +2)(w, + 1 -t) = 2(0, + l)(w, -$+ t'+2)(w, -f+ 1 -t') ((w, -~r')(r'J'lla;ll(w,t)cYJ).
In eq. (40) the reduced matrix element of LX+ between intrinsic states can be expressed in terms of a simple (known) SO (5) 
The SO(5) reduced matrix element of the ($4) irreducible tensor, denoted by both double lines and double carets following the notation introduced in ref. ' ), carries all dependence on quantum numbers outside SO(5). Its full evaluation would thus require detailed knowledge of the Sp(2j + 1) structure of the n = z, states. However, it is not needed in the present investigation since it will always factor out of the calculation.
The reduced matrix element of a' between states of arbitrary n, T (or p = $( n -u) = w, + H, , T) will also depend on this matrix element
(~~)+~~~~(~~r')H~T'i)x(((o~r')cw'J'~(T'~~'~/(w,r)~J)). (42)
Thus, by relating the matrix element of ui-between states of arbitrary n, T to the matrix element of oli between intrinsic states as given by eqs. (w,f) x (l:) + (w; t'). All that remains to be done is to relate the matrix elements of a', (or a), between states of arbitrary n, T to the matrix elements of ali, (or an), between intrinsic states. This involves essentially nothing more than some angular-momentum recoupling. The simplest calculation involves the case CIJ{ = w, + 5 where the operator at (or a), reduces the seniority number, i.e. Y' = u -1. E.g.
(p'=~+l(w,+$t')T'i'; a'J'lla+llp(w,t)Ti; d) =((w,t)H,Ti; (~~)+~~~~(W,+~~')H;T'~')(((~,+~~')(Y'J'IIT':~'IJ(~,~)LYJ)) =(p+l(w,+$t')T'i'; Lu'J'lly(ui)llp(w,r)Ti; ad) = T,FT (Km'(p+l(w,+ft')T'))i~~,:(K(p(w,t)T))~,,, P x{(p+lw,+f[t'x T;]T'; a'J'~~an~~pcw,[tx T,]T; aJ) +&p+lw,+;[r'+T;]T'; a'J'J~[z'~an'~]"~~lpw,[tx TJT; cd)},
where eqs. 
t'x T;]T'; a'J'([[z' x ~n"~]"~Ij pw,[ t x T,]T; cd) x((W,+tt')(Y'J'lluIl(w,t)(yJ)) (46)
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SO(S) 1 U(2) Wigner coefficients for the coupling (w, t) x ($4) + (CO; t')
Case].
(w;t')=(w,+~,t');u'=u~l
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/ /, h, P' F(h, ; 7-T,, ; T'T;,)
Case2. (w',t')=(w,-i,t');u'=u+l ((w,t)H,Ti; (;f)h,fIl(w;t')H,+ h,T'i') = r, (K~'(p(w,t)T)),,~,(K(P'(wlt')T')),~:, F(h,; n,,; T'T;,) lil. 1,;
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fashion from the reduced matrix element of a. Since, r(a) = Q, contains but a single term, and p'= p in this case, the recoupling process is even simpler and leads to an expression involving an ordinary Racah coefficient given here in U-coefficient that is again in unitary form.
Coefficients for wi = w, -$ for which a' (or a) increases the seniority number from ~1 to u'= v-t 1, can be obtained in their simplest form from the coefficients with w; = w, + $ and the l-3 interchange symmetry property for such coefficients
((m,t)H,Ti; ($$)h$ll(~,-+t')H;T'i') -h~l/(~,t)H,Ti) (48) (see also appendix B). With the renaming
To T', t++ t', and the use of simple symmetry properties of the recoupling coefficients these can be put into the simple form given in table 4. Although coefficients for w ; = w, -4 can be obtained in their simplest form from this symmetry property they can also be evaluated directly by the techniques outlined above. Thus, e.g.
(p'=p--l(w,-+t')T'i'; a'J']]a]lp(w,t)Ti; (YJ) x (p -lw, -;[t x T;]T'; cr'J'IIaIIpw,[t x T,]T; cd) (49)
again with the use of eqs. (30~) and (30a). Although care must be taken to define the reduced matrix element of o through its left action (see entry 6 of table 3) we will find it more convenient to perform the angular momentum recoupling on the right through prior hermitian conjugation, and use 
Note that this form is somewhat more cumbersome than that given by the last enetry of table 4. Note also that the representations (w, t) and (w, -it') have exchanged places in K and K-'. The equivalence of the two results leads to the following relation i: [(K(p(w,t)T))+ J (2T+ 1)(2t'+ 1) 1 (27-'+1)(2t"+ 1) (K2(l(w,t)t")),,
x r_J(~tm-;; t"T') U( t17-T;; t"TP) U( t1 t';; t";)
=C[(K(p-l(w,-$t')T')),,;J' I'
With special choices of quantum numbers for which both K's become ldimensional, this couId lead to new relations among angular momentum recoupling coefficients. On the other hand, this equation might be very useful as a check on K-matrix element calculations.
Coupling with the representations (10) and (11)
The SO(S) 3 U(2) reduced Wigner coefficients for the coupling with S-dimensional representation (10) follow at once from the methods outlined in sect. 3. Results are collected in table 5. The simplest expressions occur for the coupling (w,f) x (10) + (w{ t') with (wit') = (wt + 1 t), i.e. for the coupling to representations with u' = z' -2. The coefficients for the coupling to representations (w; t') = {o, -1 t), with u' = zi + 2, follow from these through the 1 c-, 3 interchange symmetry property of such Wigner coefficients (see appendix B), and are therefore not explicitly tabulated.
Similarly, the coefficient for (w{ t') = (w, t') with h,, T = +I, 0 is related to that with h,, T = -1,0 through this same relation. For (w: t') = (0, t') the needed starting coefficient, coupling lowest weight states, is not known ab initio. However, since our general formulae relate all coefficients to this starting coefficient, the ratios of coefficients with H{ T'
TABLE 5
Table of SO (5) 
The specific values for K can be read from eq. (27); for a discussion of the choice of + sign, see appendix R. The SO(5) =I U(2) reduced Wigner coefhcients for the coupling with the lodimensional representation, (wr t) x (11) -+ ( OJ{ t'), follow from the same methods for those representations (~tf') for which the coupling is free of muitipii~ity, i.e. for (w~~')=(w,*l,~') with t'=t*l, t and for (w{t')=(w,t') with t'=f+l. Results for these cases are collected in table 6a.
The coupling (w,t) x (11) -$ (w,f) has a two-fold multiplicity and the Wigner coefficients will be tagged with a subscript p = 1 or 2. The canonical choice identifies the p = 1 Wigner coefficients with the matrix elements of the generators, (except for a normalization factor which is given by the quadratic SO(5) Casimir jnvariant~. There remains the task of calculating the Wigner coefficients for p = 2. This is now complicated by the fact that the general lo-dimensional irreducible tensor T("' given by bifermion operators coupled to even J(Je f 0), as listed in table 1, will in general be specified in terms of two SO(S)-reduced matrix elements, the double caret quantities of sect. 3, one for the p = 1 coupling and another for the p = 2 coupling. The method outlined in sect. 3 can, however, still be used if the ratio of these double-caret reduced matrix elements can be determined first. In this case, e.g., (5) 
((w,l)H,Ti;
(ll)h,71/(w;t')H~ = H,+h,T'i') = c (K~'(P'(wll')T')),,,,;(K(P(w,l)T)),,,,F(h,7; q,; T'q,) I,,. 1,:
Casel.
(o;t')=(w,+11');u'=t. 
x u(fT,,T"l; n;)u(lrT"T;; t"T')U(tlT"T;,; r"T;, 
The SO (5) Wigner coefficients with p = 1 are known from the matrix elements of the SO (5) With the results of eqs. (62) and (63), the double-caret matrix element {{(#~~)~'~'I1 T""(~~,)ll(w,t)cYJ)>,, 2 will drop out of eq. (57); and this equation, together with the analogous equations for the remaining (I 1)-tensor components, can be solved for the needed Wigner coefficients with p = 2. These are coliected in table 6b. Coefficients which can be obtained from tabulated coefficients via simple symmetry properties are again omitted for brevity. The last entry in table 6b involves a sum over T" of a product of four Racah coefficients which could have been abbreviated in terms of a 12-j symbol.
The Wigner coefficients with p = 1 follow, with a normalization factor of [cll,(oi + 3)i tit-l-l)]"", from the matrix elements of the SO (5) p + 1 (w, t) T')) matrix element in terms of (KK'(p(w,t)T)) matrix elements, al1 of which are known from the previous step in the process. It can be seeen at once that the above 2 x2(KKt)-matrices have one zero eigenvalue for T = w, -k and hence only a single allowed value, i, corresponding to the single nonzero eigenvalue A,, in this special case. matrices, and will be given by can, however, be obtained much more directly through complex conjugation and the matrix element of A connecting the state with p = 1 to the state with p = 0 which is the conjugate partner of the p = 2 state.
To obtain simple SO(5) symmetry properties the basis states of the irreducible representation, (w, t), will therefore be constructed through the vector coherent state technique by the following recipe.
(I) Particle states with H, s 0 will be constructed from intrinsic states with n = ZI, H, = --co,, through the action of the raising operators A'.
(II) Hole states with H, a 0 will be constructed from the conjugate intrinsic states with H, = w,, n = 4j + 2 -u, through the action of the pair annihilation operators A.
For states with H, 2 0, therefore, the states with maximum possible particle number will be used as the vector generalized "vacuum" states. These instrinsic states, with H, = w,, will be annihilated by the action of A'. For the construction of these hole states the A.' will therefore be mapped into their z-space realizations T(A.') = V, whereas the operators A which create hole states will be mapped into z-space realizations T(A) which are the analogue of eq. (9d) with w, replaced by -w,. With this construction procedure states l(w, t) H, TM,i) are related to their conjugates I(w,t) -H, T -M,, i") through the simple standard angular momentum conjugation phase factors (-1) rpM,; and the quantum numbers i" of the conjugate states are put into 1: 1 correspondence with the quantum numbers i, (i" = i). To achieve this correspondence the A, of the hole states must be put into 1: 1 correspondence with the hi of the particle states and the overall phases of the matrix elements Uir,, of eq. (24) must be chosen in the same way for both hole and particle states.
Overall phases of SO(S) Wigner coefficients will be fixed, in addition, through a generalized Condon-Shortley phase convention. For this purpose the extremal states with n = v, or H, = -W , , i.e. the intrinsic states used in the construction of particle states with H, s 0, will be singled out as preferred states, (rather than the hole states with maximum
H,=+w,).
For the 1x2+3 coupling, (w,~),x(w,~)~'(w,~)~, the The results of the present investigation, however, have been found to agree with the earlier tabulations in all those cases involving only states with 1 -dimensional (KK ') matrices, with the exception of some overall phase factors.
Certain columns of the earlier Wigner-coefficient unitary transformation matrices have to be multiplied by factors of (-1) to bring them into agreement with the results of tables 4-6. Once the overall phase has been established, through the evaluation of a simple special case, e.g., the earlier tabulations can be used in conjunction with the present results.
